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ABSTRACT 
It is shown that a sign-nonsingular skew-symmetric matrix of order 2n, n >/3, has 
at most 2(n 2 + n - 1) nonzero entries, and matrices for which equality holds are 
characterized. 
1. INTRODUCTION 
In this paper we continue the investigation of sign-nonsingular skew-sym- 
metric matrices that was begun in [5] by considering the maximum number of 
nonzero entries in a sign-nonsingular skew-symmetric matrix of fixed order. I f  
+ signs can be affixed to the entries of the adjacency matrix of a graph G so 
that a sign-nonsingular skew-symmetric matrix B is obtained, then we say 
that G is a nonsingular graph and that G corresponds to B. Denote the 
number of edges of a graph G by E(G). I f  G is a nonsingular graph that 
corresponds to a sign-nonsingular skew-symmetric matrix B, then clearly B 
has 2~(G) nonzero entries. 
For each integer n >~ 3, define graphs X,,, Y,, and Z,, with vertex set 
{v~, ve . . . . .  v2,,} as follows. Let X,, be the graph such that distinct vertices v, 
and t~/ are adjacent if and only if i + j  ~ 2n; let Y,, be the graph such that 
vertices v,, 2 and v,, +2 are not adjacent, vertices v,,_ 1 and v,, are adjacent, 
and whenever v~ and vj are distinct vertices with {n - 2, n + 2} 4= {i,j} 4= 
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{n - 1, n} then v~ and vj are adjacent if and only if i + j  >/2n; and let Z, 
be the graph such that vertices v i and vj, with 1 ~< i < j ~< 2 n, are adjacent if 
and only if i ~<n + 1 and either ( i , j )=(n -  1, n) or i + j>~2n.  The 
characterization of the nonsingular graphs with six vertices given in [5] 
implies the following. 
LEMMA 1.1. I f  G is a nonsingular graph with six vertices, then e(G) <<, 
11, with equality i f  and only if  G is isomorphic to X 3, Y3, or Z 3. 
It is shown in [5] that X, and Y, are nonsingular graphs, and it is easy to 
see that E(X n) = e(Yn) = n2 + n - 1. The principal result obtained here is 
that if G is a nonsingular graph with 2n vertices, n >~ 4, then E(G) ~< n z + 
n - 1 with equality only if G is isomorphic to X,, or Y,. The last section of 
this paper contains a conjectured relationship between nonsingular graphs 
and pfaffian graphs with the maximum number of edges. 
2. PRELIMINARIES 
Let G be a graph with vertex set V(G)  = {v l, v 2 . . . . .  ve,,}, n >~ 2, and let 
6 i denote the degree of vertex v i for i = 1,2 . . . . .  2n. If S cV(G) ,  let 
G - S denote the subgraph of G that remains after the vertices in S are 
deleted. When viv, is an edge of G, let Gi j  = G - {v i, vj} and ~ij = 6i + 8j 
- 1. A covered ec~ge of G is an edge that is contained in a perfect matching 
of G. Let 6" = min{crij : viv j is a covered edge of G}. We have the following. 
LEMMA 2.1. Let G be a nonsingular graph with vertex set 
{vl, v 2 . . . . .  v2~}, n >t 3, let {vlv2n, v2v2,,_ 1 . . . . .  vnv,,+ l} be a perfect match- 
ing of  G, let ~rl,2, ~ = 6", and let E(Gk ,2n+l_  k )  <~ n 2 - -  n - -  1 for  k = 
1, 2 . . . . .  n. Then 
(a) ~(G) <~ n z + n, 
2,(c) -n  
(b) E (G) -n  2+n + l~<dr~< 
n 
(c) /f 2 ~<j ~< 2n - 1 such that VlV j and vjv2, are covered edges of G, 
then 6j >1 (1 + 6")/2. 
Proof. It is not difficult to see that 
2e(G)  -n  = ~ ork,e,+l_ k, 
k=l  
(2.1) 
k = 1, 2 . . . . .  n .  (2 .2 )  
SIGN-NONSINGULAR MATRICES 99 
Therefore, if we sum both sides of Equation (2.2) for 1 ~< k ~< n, and use 
Equation (2.1) and the property that E(Gk.2,+l_ k) ~< n 2 - -n -  1 {br k = 
l, 2 . . . . .  n, then we see that 
n, (C)  < 2 , (C)  - ,, + n ( , ,  - n - 1 ) ,  
which implies (a). Since o'~.2, , = 6" and e(Gl 2, ) ~< n 2 - n - 1, Equation 
(2.2) implies that 6- ~> e(G) - n 2 + n + 1. Moreover, using the definition of 
6- and Equation (2.1), we see that a6" ~< 2e(G)  - n. Therefore, (b) holds. 
Suppose that vlv j and v v2, are covered edges of G. Then 6~ + (Sj - 1 >/ 6-, 
(~j + (~,, --  1 >~ 6-, and 61 + 62, - 1 = 6-. Therefore, 26j >~ 2d- -  3~ - 
6:,,, + 2 = 6- + l, and thus (c) holds. • 
Using a version of Equation (2.2) and an elementa o '  result from [5], we 
obtain the following. 
LEMMA 2.2. Let G be a nonsin~ular graph with vertex set { v ~, v 2 . . . . .  G }, 
n >~ 2. (f viv j is a covered edge of G, then G,/ is a nonsingular ~raph with 
e(G~j) = e(G) - ~j.  
Let F,, denote a bipartite graph with partite sets {u 1, u e . . . . .  u,,} and 
{v l, ~,~ . . . .  v,,} such that vertices u i and vj are adjacent if and only if" 
i + j >~ n. if U and W are disjoint subsets of tile vertex set of a graph G, then 
the bipartite subgraph of G induced by U and W, denoted by G[U, W ], is 
the bipartite subgraph with vertex set U U W and whose edge set consists of 
those edges of G of the form uw where u ~ U and w ~ W. Combining 
results in [2] and [5], we have the fbllowing. 
LEMMA 2.3. Let G be a nonsingular graph with 2n vertices, let H = 
G[ U, W]  where U and W each has cardiuality k, and let Ix(H) > O. 
(a) For k = n, e (H)  <~ (n 2 + 3n - 2)/2,  with equality if and only if H 
is isonu~rphic to F,,. 
(b) For 1 ~< k < n, i f /x (G  - U U W)  > 0, then e (H)  ~ (k 2 + 3k - 
2)/2,  with equality if and only if H is isonwrphic to F~. 
3. NONSINGULAR GRAPHS WITH E IGHT VERTICES 
We now use our lemmas to prove the following. 
LEMMA 3.1. I f  G is a nonsingular graph with eight vertices, then 
e(G) -K< 19, with equality if and only if G is isomorphic to X 4 or )4. 
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Proof. Let G be a nonsingular graph with vertex set {v 1, v 2 . . . . .  Vs}. 
Without loss of generality we may assume that {VlVs, v2v7, v3v6, v4v ~} is a 
perfect matching of G and that O'ls = 6". It follows from Lemmas 1.1, 2.2, 
and 2.1(a) that E(G) ~< 20. Suppose that e(G) = 20. Then Lemmas 1.1, 2.2 
and 2.1(b) imply that 6" = 9, e(Gls) = 11, and Gls is isomorphic to X 3, Y3, 
or Zz. Suppose that Gls is isomorphic to Z 3. We may assume that GlS  = Z 3 
with vertex set {u 1, u 2 . . . .  , u~} where u i = vi+ 1 for i = 1, 2 . . . . .  6. Then the 
adjacency matrix A = (ai j)  of G has the form 
A = 
0 a12 al3 a14 al5 a16 alv 1 
a21 0 0 0 0 1 1 a2s 
a8l 0 0 1 1 1 1 a3s 
a41 0 1 0 1 1 1 a4s 
a51 0 1 1 0 1 1 ass 
a61 1 1 1 1 0 0 a6s 
a71 1 1 1 1 0 0 aTs 
1 as2 as3 as4 a85 as6 as7 0 
(3.1) 
Since v2v 7 is a covered edge of G, we have 0"27/> 9, and thus alv = a21 = 
a28 = as7  = 1. Therefore, vlv 2 and v2v 8 are covered edges of G, and it 
follows from Lemma 2.1(c) that 32 >~ 5. However, 3 2 = 4, and thus Gls is 
isomorphic to X 3 or Y3" Suppose that G18 is isomorphic to Y3. We may 
assume that the adjacency matrix of G has the form 
A = 
0 a12 a13 a14 a15 a16 a17 1 
a21 0 0 0 0 0 1 a28 
a31 0 0 1 1 1 1 a3s 
a41 0 1 0 1 1 1 a4s 
a51 0 1 1 0 1 1 ass 
a61 0 1 1 1 0 1 a6s 
a71 1 1 1 1 1 0 aTs 
1 as2 a83 as4 a85 as6 as7 0 
(3.2) 
Since v2v 7 is a covered edge of G, we have 0-27/> 9, and thus a17 = a2l = 
a28 = as7 = 1. Therefore, vlv 2 and v2v s are covered edges of G, and it 
follows from Lemma 2.1(c) that 32 >~ 5. However, 62 = 3, and thus Gls is 
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isomorphic to X 3. We may assume that the adjacency matrix of G has the 
form 
A = 
0 a12 al, 3 a14 a15 al6 a17 1 
a2/ 0 0 0 0 1 l a2s 
a31 0 0 0 1 1 1 aas 
a41 0 0 0 1 ] 1 a4s 
a.5 ~ 0 1 1 0 ] l a~ s
a61 1 1 1 1 0 1 a~s 
aTl 1 1 1 l 1 0 a78 
1 a82 a83 as4 as5 as6 as7 0 
(3.3) 
Suppose that a12 = 0. Since v2v  6 and v2v  r are covered edges of G, we have 
0-2~5 >~ 9 and 0"27 >~ 9, and it follows that al~ = a17 = a2s = 1. Hence, v2v  s is 
a covered edge of G. Therefore, 0-2s > 9 and 6 2 = 3, and thus a3 s = a4s = 1. 
Hence, if H is the bipartite subgraph of G induced by {v 1, v 2, v 3, v 4} and 
{v 5, v 6, v 7, Vs}, then ~(H)  >/ 14. However, since p. (H)  > 0, Lemma 2.3(a) 
implies that E (H)  ~< 13. Therefore, we mu~t have al2 = 1. Since o-Is = 9, 
we see that ais = 1 for some 3 ~< i ~< 7, and it follows that v lv  2 is a covered 
edge of G. Suppose that a2s = 0, Then 0-12 = 0-26 = 0-27 = 9, and we see 
that al:j = a6s = a78 = 1 for j = 2, 3 . . . . .  8, while ais = 0 for i = 2, 3, 4, 5. 
Therefore, v4v5 is a covered edge of G with 0"4~ = 8 < 9. Hence, we must 
have a28 = 1. Therefore, since 0"Js = 9, we see that v j r  z and v2v  s are 
covered edges of G, and it follows from Lemma 2. l(c) that 6 2 > 5. However, 
6 2 = 4, and thus we must have E(G) 4 19. 
Suppose that e (G)  = 19. Then Lemmas 1.1, 2.2, and 2.1(b) imply that 
6" = 8, e (G ls )  = 11, and Gjs is isomorphic to X 3, Ya, or Z 3. Suppose that 
G1 s is isomorphic to Z a. We may assume that the adjacency matrix of G has 
the form given in Equation (3.1). Suppose that al2 = a2s = 1. I f  vlv 2 is not a 
covered edge of G, then v2v  s is a covered edge of G with o'2s = 5 < 8. 
Similarly, if v2v  s is not a covered edge of G, then v lv  2 is a covered edge of 
G with 0-12 = 5 < 8. Therefore, both v lv  2 and v2v  s are covered edges of  G, 
and Lemma 2.1(c) implies that 6 2 > 5. However, 6 2 = 4, and thus al2 + a2s 
= 0 or i .  Therefore, since v2v  ~ and v2v  7 are covered edges of G, we see that 
a~2 + a~s = 1 and a~6 = ai7 = a86 = as7 = 1. Suppose that a,2s = 0. Since 
v~v 2 is a covered edge of G, we see that 0-J2 >~ 8. o'~s = 8, 6 s >/3, and 
6 2 = 3. Therefore, 61 = 6, and thus al! = 0 for some 3 ~<j 4 5. By symme- 
t D, we may assume that al3 = 0, and itfol lows that ray  4 is a covered edge of 
C with o'34 = S. Therefore, using Lemmas 1.1 and 2.2. we see that Ca4 is 
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isomorphic to X3, Y3, or Z 3. However, this is impossible, since each vertex of 
G34 has degree at least three. A similar contradiction is obtained if a12 = 0. 
Therefore, Gls is isomorphic to X 3 or Ya. 
Suppose that Gls is isomorphic to Ya. We may assume that the adjacency 
matrix of G has the form given in Equation (3.2). Since v2v 7 is a covered 
edge of G, 0°27 >~ 8. Suppose that 0027 > 8. Then a17 = a21 = a2s = as7 = 1, 
and it follows that v1% and v2v s are covered edges of G. Therefore, Lemma 
2.1(e) implies that 8. 2 > ,5. However, 8 2 --- 3, and thus 00-27 = 8. Suppose that 
asr = 0. I f  vlv  2 is not a covered edge of G, then it follows that %v s is a 
covered edge of G with o'2s = 4 < 8. Therefore, we see that both v1% and 
v2v s are covered edges of G, and Lemma 2.1(c) implies that 8, 2 >~ 5. 
However, 8 2 = 3, and thus as7 = 1. If air  = 0, then a similar contradiction 
is obtained. Therefore, a17 = as7 = 1 = 32~ + a2s. Suppose that a2s = 1. 
Then v2v s is a covered edge of G, and thus 002s > 8 while 8 2 = 2. There- 
fore, 8 s = 7, and we see that G = Y4- Similarly, if as1 = 1, then vlv 2 is a 
covered edge of G, 81 = 7, and it follows that G is isomorphic to Y4. 
Suppose that Gls is isomorphic to X a. We may assume that the adjacency 
matrix of G has the form given in Equation (3.3). Suppose that 321 = a2s = 1. 
Since 0018 = 8, if vlv 2 is not a covered edge of G then we see that that v2v s 
is a covered edge of G with 002s = ,5 < 8. Similarly, if v2v s is not a covered 
edge of G, then vlv 2 is a covered edge of G with 001s = 5 < 8. Therefore, 
vlv,, and v2v s are covered edges of G, and Lemma 2.1(e) implies that 
8 2 > .5. However, 8 2 = 4, and thus azl + a,zs = 0 or 1. Suppose that a.2j = 
a2s = 0. Since %v 6 and v2v 7 are covered edges of G, we have 0026 >~ 8 and 
~27 > 8, and it follows that a16 = a17 = as6  = a87 = 1. Therefore, since %% 
is a covered edge of G with 0026 = 8, it follows from Lemmas 1.1 and 2.2 that 
G26 is isomorphic to X 3, Y3, or Z a. Since each vertex of G26 has degree at 
least two, G26 is not isomorphic to Ya. Moreover, since G26 has a vertex of 
degree five, G26 is not isomorphic to Z a. Therefore, G26 is isomorphic to X> 
Hence, if ala = a14 = a15 = 1,  then we see that G is isomorphic to X 4. 
Moreover, if ass = a84 = as5  = 1, then we see that G is isomorphic to X 4. 
Suppose that ali = 0 = asj for some 3 ~ i , j  ~ 5. Since G.a6 is isomorphic to 
Xa, it has two vertices of degree five, and it follows that as1 = ass = 1 and 
ala + a14 q- ass + a4s = 1. By symmetry we may assume that a14 = 1, and 
thus a13 = ass = a48 = 0. Therefore, it follows that G is isomorphic to X 4. 
Suppose that a21 + a2s = 1. Without loss of generality we assume that 
a.21 = 0 and a2s = 1. Since 001s = 8 and a12 = 0, it follows that %% is a 
covered edge of G, and thus 002s > 8. Therefore, since 8 2 = 3 and 001s = 8, 
we see that ~1 = 2 or 3. Suppose that 8 1 = 3. Then v2v s is a covered edge 
of G with O-as = 8. Hence, Lemmas 1.1 and 2.2 imply that Gzs is isomorphic 
to X a, Y3, or Z a. Since each vertex of G2s has degree at least two, G28 is not 
isomorphic to Y3. Suppose that G2s is isomorphic to Z a. Since Z a has five 
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vertices of degree four, we see that ala = al4 = 1, and it follows that vtv 3 is 
a covered edge of G with cr13 ~< 7 < 8. Therefore, G,2s is isomorphic to X 3. 
Since X a has two vertices of degree five, we see that als = alj = 1 for some 
5 ~< i < j  ~ 7. Moreover, since a s = 6, we have aas + a4s >~ 1. Therefore, if 
H is the bipartite subgraph of  G induced by {v 1, v 2, v 3, v 4} and {v 5, v6, v 7, Us}, 
then e (H)  ~> 13. Since H has at most one vertex of degree two, H is not 
isomorphic to F 4. Hence, it follows from Lemma 2.3 that 8t = '2. I f  a~) = 1 
for some 3 ~<j ~<5, then vlv j is a covered edge of G with o'lj ~< 7 < 8. 
Therefore, a16 = 1 or air = 1, and it follows that G is isomorphic to X 4. • 
4. THE MAIN RESULT 
We now use arguments imilar to those used in the last section to prove 
the main result of this paper. 
THEOREM 4.1. For each integer n > 3, i f  G is a nonsingular graph with 
2n vertices, then 
~(G)~<n 2+n-1 .  (4.I) 
(a) When n = 3, equal ity holds in the inequal ity (4.1) i f  and only i f  G is 
isorrugrphie to X3, )~a, or Z 3. 
(b) When n >1 4, equal ity holds in the inequal ity (4.1) i f  and only i f  G is 
isomorphic to X ,  or Y,,. 
Proof. We use induction on n. Lemmas 1.1 and 3.1 imply that the 
theorem holds for n = 3, 4. Let G be a nonsingular graph with vertex set 
{vl,>, 2 . . . . .  v2,,}, n >~ 5, and assume that the theorem holds for nonsingular 
graphs with 2 n - "2 vertices. Without loss of generality we may assume that 
{v1~2,,, v,2v2, ,_ 1 . . . . .  vnv,, + 1} is a perfect matching of G and that ~5, 2,~ = 9.  
The inductive assumption and Lemmas 2.2 and 2.1(a) imply that E(G) 4 n 2 
+ n. Suppose that ~(G)= n2+ n. Then the inductive assumption and 
Lemmas 2.2 and 2,1(b) imply that 8 = 2n + 1 and G1,2,  is isomorphic to 
X,, 1 or 17,, 1" We may assume that G1 2,, = X,, _ 1 or Yn - 1 with vertex set 
{Ul,U2 . . . . .  uen e} where u i = vi+ 1 for i --- 1,2 . . . . .  2n - 2. Let A = (ai j )  
be the adjacency matrix of G. Suppose that axe = a,2, en = 1. Since ~rl,e, , = 
2n + 1, we see that VlV 2 and v2ve, , are both covered edges of G, and thus 
Lemma 2.1(c) implies that 8 e > n + 1. However, 8 2 = 4. Therefore, al2 + 
a2, e, ~< 1, and we may assume that ate = 0. Hence, since v2ve,,_9 - and 
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V2V2n_ 1 are covered edges of G, it follows that o'2 ,~,, 2 = °'2,2,,-l = 2n  + 1 
and a2,2, , = al,2,,_ z = al,2,,_ 1 = 1. Moreover, since 8, 2 = 3 and v2v2,  is a 
covered edge of G, we see that ai,2, , = 1 for i = 1,2 . . . . .  "2n - 1. There-  
fore, if H is the bipart ite subgraph of G induced by {v 1, v 2 . . . . .  v,,} and 
{v, ,+ l ,v , ,+2 . . . . .  v2,,}, then E(H)  >~ (n  2 + an - 2 ) /2 .  However, since for 
i = 1, 2 . . . .  , n, vertex v i of  H has degree at least three, we see that H is not 
isomorphic to F,,. Therefore,  it follows from Lemma 2.3 that E(G) ~ n 2 + r~ 
- -  1 .  
Suppose that E(G) = n 2 + n -- 1. Then  the inductive assumption and 
Lemmas 2.2 and 2.1(b) imply that ~" = 2n  and GI,2, , is isomorphic to X,,_ 1 
or Y ,_> We may assume that G1,,,, =X, , _  I or ~;, ~ with vertex set 
{ul ,  u 2 . . . . .  u2 ,_  2} where u i = vi+ 1 for i = 1,2 . . . . .  2n - 2. Let A = (a, j )  
be the adjacency matrix of G. Suppose that a~2 ---a2,2, , = 1. If  v lv  2 and 
v2v,2~ are both covered edges of G; then Lemma 2.1(c) implies that 82 >/n  
+ 1. However,  8.~ = 4, and thus either v lv  2 or %v2,  , is not a covered edge 
of G. Hence,  it follows that 82 = 2 or 8,2, = 2. We may assume that 82 = 2, 
and thus 82, = 2n - 82 + 1 = 2n  - 1. Therefore,  vlv2 is a covered edge of 
G with o"1, 2 = 5 < 2n.  Hence,  we must  have ave + a2,2, ' = 0 or 1. Suppose 
that a12 + a2,2, , = 1. We may assume that al, 2 --- 0 and a22, = 1. Since 
81 >t 2 and al, 2 = 0, it follows that v2v2,, is a covered edge of G, and thus 
cr2,2, , > /2n .  Therefore,  since 82 = 3, we have cr,2,2, ~= 2n  or 2n  + 1. Sup- 
pose that ~r2,2, , = 2n.  Then  the inductive assumption and Lemma 2.2 imply 
that G2,2, is isomorphic to Xn_ 1 or Yn 1" Therefore,  G2,2,  must have 
precisely two vertices of degree 2n  - 3. We see that these vertices must  be 
v s and v 9 when n = 5 and G2,10 is isomorphic to Y4, and that these two 
vertices must  come from the set {v2,,_a, v2,~_2,v2,  ,_ l} in all other cases. 
Suppose that G2,2, ~ is isomorphic to Yn-1. Let H = G[U,  W]  be  the bipart ite 
subgraph of  G induced  by U = {v l, v 2 . . . . .  % 2} and W = 
{Vn+a,V,,+4 . . . . .  v2,}. It is easy to see that bt (H)  > 0 and /x(G - U U W)  
> 0. Since 82, = o,2,2~ - 82 + 1 -= 2n - 2, it follows that e (H)  >~ [(n - 
2) 2 + 3(n - 2) - 2 ] /2 .  Therefore,  Lemma 2.3(b) implies that equality must 
hold, and that H is isomorphic to Fn_ 2. Hence,  if n = 5, then aa, m = 0, and 
it follows that G is isomorphic to Ys. However,  if n >~ 6, then we see that 
vertex v i of H has degree at least three for i = 1, 2 . . . . . .  n - 2, and thus H 
is not isomorphic to F,,_ 2. Therefore,  if n >t 6, then G2,2,  is not isomorphic 
to Y~_ 1. Suppose that G2,2, ~ is isomorphic to X, 1- Let H = G[U,  W ] where 
U = {v l ,  v 2 . . . .  , v  n} and W = {V,+l,V,,+2 . . . . .  van}. We see that bt (H)  > 0 
and e (H)  > (n  z + 3n - 2 ) /2 .  Therefore,  Lemma 2.3(a) implies that equal-  
ity must  hold, and that H is isomorphic to F,~. However,  vertex v~ of H has 
degree at least three for i = 1, 2 . . . .  , n, and thus we get a contradict ion to H 
being isomorphic to F n. Now suppose that 0"2,2, ' = 2,n + 1. Therefore,  since 
82 = 3and o'1,2~ = 2n ,  we have 81 = 2. I fa  U = 1 fo rsome3 ~<j ~< 2n  - 3, 
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then ~lvj is a covered edge of G with o'~j ~< 2n - 1 < 2n. Hence,  we have 
aL2,, ~ = 1 or al..,,, 1 = 1, and it follows that G is isomorphic  to X,, or ~),. 
Since e (G)  = n 2 + n - 1, the induct ive assumption and Lemmas 2.2 and 
2.1(b) imply that 6" = 2n  and that G~j is isomorphic  to X,, ~ or t;, j 
whenever  v~vj is a covered edge of G with ~r~, = 2n.  We complete  the proof  
by consider ing two cases, according to whettmr  Gij is isomorphic  to 1~, i 
whenever  v~v/ is a covered edge of  G with ~r~.j = 2n,  or there exists a 
covered edge v~v, of G with ~r.~ = 2n such that G,~ is isomorphic to X,, i- 
Case  1 : G~j is i sonwrph ic  to );, ~ whenever  v~vj is a covered  edge  o f  G 
w i th  ~rj = 2n .  We may assume that G1,2n  = );, ~ with vertex set 
{Ul, U, 2 . . . . .  ue,,_ 2}where  u i = vi_  1 for i = 1,2 . . . . .  2n - 2. Let A = (ai j )  
be the adjacency matrix of  G. Since we have covered the cases where  
a~e + ae ,_,,, > 0, we may assume that a~e =aee,  , = 0. It follows that v.ev_,,, e 
and v2v., ,   i are covered edges of  G with o'e,e, , e = °'e.e,,- 1 = 2n,  al.2n 2 
= al, e,, 1 = ae,,,e,, 2 = ae,,,~,,, I = 1, and G,e,e, , l i somorphic  to );, i. \Ve 
may assume that 61 < a_,,,. Moreover ,  since a,, :~j = a , , _e  j for  j ~- 
2:3 , . . . ,2n  - 1, we  mayassumethat  a~.,, 3 + ae ..... _:~ <~ a~.,,_~ + a,_ ..... e. 
With these assumptions, we will show that there exists an integer m, with 
1 ~ m ~ n -4 ,  suchthat  
a l j  = a~,,,j = 0, 
a U = 0, a,2,,,,t = 1, 
al j  = a,~n, j = 1, 
j = 2 ,3 , . . . ,m + 1, 
j = m +2,  m + 3 . . . . .  2n  - m-  2, 
j=  2n  - m-  1 ,2n  - m . . . . .  2n  - 1. 
(4.2) 
Since it is isomorphic  to Y,,_> G2,2, _ 1 must have two vert ices of  degree 
2n - 3 and a vertex of  degree two. Therefore ,  if n = 5, it follows that the 
equat ions (4.2) ho ld for m = 1. Suppose that n > 6. Then  ei ther  the 
equat ions (4.2) hold for m = 1, or al3 = a2,,, ~ = 0 and al .2, ,_  3 = @, ,2 , ,  :~ 
= 1. Suppose that a13 = a>,,s = 0 and a1,,2,,_:3 = a2,,,2, , s = 1. Since it is 
isomorphic  to ) ; , -1,  G2, ,2 , -1  must have a vertex of  degree 2n - 4 and a 
vertex of  degree three. Therefore ,  if n = 6, it fbllows that the equat ions (4.2) 
hold for m = 2. Suppose that n >/ 7. Then  e i ther  the equations (4.2) hold for 
m = 2, or a14 = a2n,4 = 0 and al,e,,__ 4 = a2,, ,2, 4 = 1. Suppose that we 
cont inue in this way and find an integer k, with k ~< n - 4, such that 
0, j= ,2 ,3  . . . . .  k+ l ,  
(4.3) 
a j j  = a~,, . j  = 1, j = 2 n - k -  1,2n  - k . . . . .  2n  - 1. 
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Since it is isomorphic to Yn-1, G2,2n-1 has a vertex of degree 2n - k - 2 
and a vertex of degree k + 1. Therefore, if n = k + 4, it follows that the 
equations (4.2) hold for m = k. Suppose that n >~ k + 5. Then either the 
equations (4.2) hold for m = k, or al, k+ 2 = a2n, k+2 = 0 and al,2,_k_ 2 = 
a2,,,2n_k_ 2 = 1. Therefore, there must exist an integer m, with 1 ~< m ~< n 
- 4, such that the equations (4.2) hold, and we see that G is isomorphic to 
Yo. 
Case  2: There  exists  a covered  edge  v~v~ o f  G w i th  (rr ~ = 2n  such  that  
Grs is i somorph ic  to X n_ 1" We may assume that (r,  s) = (1, 2n) ,  and that 
G1,2n = Xn_ 1 with vertex set {ul ,  u 2 . . . . .  u2n_2}, where u i = vi+ , for i = 
1,2 . . . . .  2n -  2. Let A = (a i j )  be the adjacency matrix of G. We may 
assume that a12 = a2,2n = 0. It follows that vzv2 , , _  z and v2v2n_  1 are cov- 
ered edges of G with O'2,2n_ 2 = Or2,2,_ l = 2n, aj ,e,_ 2 = al ,z,_ , = 
a2n,2n_ 2 --- a2n,Zn_ 1 -~  l ,  and Gz,2,_ 1 isomorphic to X ,_ ,  or Y,, j. Suppose 
that Gz, z~-1 is isomorphic to Yn-1, and let V and E be the vertex and edge 
sets of G2,2~_ 1, respectively. Since G2,~_ ,  is isomorphic to Y,,_ 1, it follows 
that there exists an independent set U of vertices of G2,e,  ~_ 1 of cardinality 
n - 3 such that the set W = {v ~ V : uv  ~ E for some u ~ U} has cardinal- 
ity n - 3. Since v 1 and v2~ are adjacent vertices of Gz, zn_ 1, U can contain at 
most one of them. Therefore, since each vertex of G2,,z, 1 in U can have 
degree at most n - 3, we see that the vertices in U must be v 3, v 4, . . . ,  v , _  2, 
and either vj or v2, . However, this implies that W contains the vertices 
Vn+2,Vn+3 . . . . .  v2 , , _e ,  and either v 1 or vz~. Therefore, W must have 
cardinality at least n - 2 > n - 3. Hence, Ge, z , - ,  is isomorphic to X n 1" 
We may assume that 6j < (Sz, ,. Moreover, since a~_ l ,  j = a,,j for j = 
2 ,3 , . . . ,2n  - 1, we may assume that al, n_ 1 + ae~,,_ l ~< al~ + a2,,, 1. With 
these assumptions, we will show that there exists an integer m, with 1 ~< m ~< 
n - 2, such that the equations (4.2) hold. Since it is isomorphic to X~_ l, 
Ge, 2n-1 must have two vertices of degree 2n - 3 and a vertex of degree two. 
Therefore, either the equations (4.2) hold for m = 1, or a13 = a2n,3 = 0 and 
al, 2n_ 3 = a2n,2n_ 3 = 1. Suppose that a13 = a2n,3 = 0 and al,2~_ 3 = 
azn, 2n_ 3 -~ 1. Since it is isomorphic to X~_ l, G2,z,-  l has a vertex of degree 
2n - 4 and a vertex of degree three, and it follows that either the equations 
(4.2) hold for m = 2, or a14 = a2~,4 = 0 and al,2n_ 4 = ae,,2,_ 4 = 1. Sup- 
pose that we continue in this way and find an integer k,  with k ~< n - 2, 
such that the equations (4.3) hold. Since it is isomorphic to X,_ l, Gz,2~-1 
has a vertex of degree 2 n - k - 2 and a vertex of degree k + 1. Therefore, 
if n = k + 2, it follows that the equations (4.2) hold for m = k. Suppose that 
n >~k +3.  Then either the equations (4.2) hold for m =k,  or al, k+e = 
a2~, k+2 = 0 and al,e~,_}_ 2 = ae, , ,e , , _k_  2 = 1. Therefore, there must exist an 
integer m, with 1 ~< m ~< n - 2, such that the equations (4.2) hold, and we 
see that G is isomorphic to X,~. • 
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Let G be a bipartite nonsingular graph with partite sets {u 1, u 2 . . . . .  u,,} 
and {v I ,v 2 . . . . .  v,,}, n >I 3, and let H be the graph obtained from G by 
adding the n(n - 1) /2  edges vivj, 1 <,K i < j  <-K n. It is easy to see that H 
must be a nonsingular graph. Therefore, Theorem 4.1 implies that E (H)  
n ~ + n - 1. Suppose that E (H)  = n e + n - 1. Since no pair of vertices u~ 
and uj are adjacent in H, Theorem 4.1 implies that H is isomorphic to X,,. 
and it follows that G is isomorphic to F,,. Thus we have the following. 
COROLLARY 4.2. For each positive integer n, if G is a bipartite nonsingu- 
lar F~raph with 2n vertices, then 
,(c) n 2 + 3n - 2 
with equality if and only if G is isomorphic to F,,. 
The bound given in Corollary 4.2 is well known, and was first obtained [1] 
in terms of the number  of l 's in an n × n convertible (0, I) matrix. 
5. A RELATED PROBLEM 
If G is a graph with an even number  of vertices and + signs can be 
affixed to the entries of the adjacency matrix of G so that a skew-symmetric 
matrix B is obtained such that /.t(G) is equal to the pfaffian of B, then G is 
called a pfaffian graph [2]. I f  k and n are positive integers with k < n, let H,~ 
be a graph with vertex set {v 1, v 2 . . . . .  v2, } such that distinct vertices v~ and 
v, are adjacent if" and only if i + j  >~2n or {i,j} ={n-k ,n} .  It is not 
k cfifficult to show that H,, is a Pfhffian graph for k = 1, 2. The author [3] 
proposed the following. 
CONIE{:TURE 5.1. For each integer n /> 4, if G is a pfaffian graph with 
2n vertices and /.t(G) > 0, then 
E(G)  < n 2 + n, 
with equality if and only if G is isomorphic to H,I or H,~. 
It was shown in [3] that this conjecture is true fbr 4 ~< n ~< 6, but it 
appears to be open for n >~ 7. Let lP, be the set of all pfaffian graphs with '2 n 
vertices, and let /3,, = m~tx{e(G) : G ~ F,,, /z(G) > 0}. If  G is a graph and e 
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is an edge of G, then G - e is the subgraph obtained from G by deleting 
edge e. It is shown in [5] that nonsingular and pfaffian graphs are closely 
related. We propose the following additional relationship. 
CONJECTURE 5.2. For each integer n >~ 4, if G is a pfaffian graph with 
2n vertices, /.t(G) > 0, and e(G)  = 13,,, then G - e is a nonsingular graph 
for some edge e of G. 
It follows from [2] that Lemma 2.3 remains valid if the word "nonsingular" 
is replaced by "pfaffian." The lemma obtained by this replacement will be 
called the pfaffian version o f  Lemma 2.3, and will be used in proving the 
following. 
THEOREM 5.3. Conjectures 5.1 and 5.2 are equivalent. 
Proof. Let  G be a pfaffian graph with vertex set {v 1, v 2 . . . . .  v2~}, n >~ 4, 
such that /x(G) > 0 and e(G) = 13~. Suppose that Conjecture 5.1 is true. 
Then G is isomorphic to H 2 or H~, and we may assume that G = H 2 or H,~. 
For k = 1, 2, we see that H,, k - v,,_ kvn = Xn, and it follows that Conjecture 
5.2 is true. Conversely, suppose that Conjecture 5.2 is true. Then L = G - e 
is a nonsingular graph for some edge e of G. Since 13,, >t E(H,~) = n 2 + n, 
Theorem 4.1 implies that L is isomorphic to X,~ or Yn. We may assume that 
L = X n or Y,. Suppose that L = X n. Let L + v~vj be the graph obtained 
from L by adding the edge viv j, where 1 <~ i <~ n - 2, n + 1 <~ j <~ 2n - 2, 
and i+ j  ~<2n-1 ;  and let H be the bipartite subgraph of L +viv~ 
induced by U = {vl, v 2 . . . . .  v,~} and W = {vn+l, vn+ 2 . . . . .  v2n}. Since /z (Ht  
> 0 and e(H)  > (n 2 + 3n - 2 ) /2 ,  the pfaffian version of Lemma 2.3(a) 
implies that L + viv j is not a pfaffian graph, and thus L cannot be obtained 
from the pfaffian graph G by removing such an edge. Now let 1 ~< i ~< n - 3 
and i < j  < n, and let H be the bipartite subgraph of L + v~vj induced by 
{Vl, v 2 . . . . .  Vi_l, vi+ 1 . . . . .  V j _ I ,  vj+ 1 . . . . .  vn+ 1} and {v~+2, v,~+3 . . . . .  v2n} 
Using the pfaffian version of Lemma 2.3(b), we see that L + viv j is nora  
pfaffian graph, and thus L cannot be obtained from G by removing such an 
edge. However, we see that L + v,,_ lVn = H I  and L + v,_.zvj is isomorphic 
to H~ for j = n - 1, n. Therefore, if G - e is isomorphic to Xn, then G is 
isomorphic to H,~ or H~. Now suppose that L = G - e = Yn- Let 1 ~< i ~< n 
- 2, n + 1 ~<j ~< 2n - 2, and i + j  ~ 2n - 1, and let H be the bipartite 
subgraph of L + viv j induced by {v 1, v 2 . . . . .  v~} and {v,,+~,vn+ 2 . . . . .  V2n}. 
Using the pfaffian version of Lemma 2.3(a), we see that L + viv j is not a 
pfaffian graph, and thus L cannot be obtained from G by removing such an 
edge. Let 1 ~< i ~ n - 2 and i < j ,<. n, and let H be the bipartite subgraph 
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of L + vivj induced by {v~, v+ . . . . .  v;_ l, v;+ ~ . . . . .  v a_ ~, vj+ l . . . . .  v,, + ,} and 
{v,,+2, v,,+:3 . . . . .  re,,}. Using the pfaffian version of Lemma 2.3(b), we see 
that L + viv j is not a pfaffian graph, and thus L cannot be obtained from G 
by removing such an edge. However, we see that L + v,, ~, , .2  = H,I. 
Hence, if G - e is isomorphic to );,, then G is isomorphic to H,, I, and it 
follows that Conjecture 5.1 is true. • 
We conclude this paper by noting that it is shown in [4] that each of the 
following conjectures i also equivalent o Conjecture 5.1. 
CONJECTURE 5.4. If" G is a pfaffian graph with vertex set  {L;I, 15 2 . . . . .  U2,,} 
such that/x(G) > 0 and ~rii = 2n + 1 whenever vit~/is a covered edge of G, 
then n = 2or3 .  
CONJECTURE 5.5. For each integer n >~ 4, if G is a pfaffian graph with 
2n vertices, /z(G) > 0, and e(G) = /3,,, then G has a vertex of degree 2. 
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